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Data Recovery Methodologies for Reduced Dynamic
Substructure Models with Internal Loads

Sebastiaan H. J. A. Fransen∗

ESA, 2200 AG Noordwijk, The Netherlands

An important step in the design and verification process of spacecraft structures is the coupled dynamic analysis
with the launch vehicle in the low-frequency domain. To reduce the costs of computation, the spacecraft and
launcher models are dynamically reduced. The recovery of physical responses from the reduced system solution by
means of the mode displacement method can be improved by using the mode acceleration method, which accounts
for the effect of modal truncation. A further improvement can be obtained by the application of the modal truncation
augmentation method, which augments the reduction transformation matrix with a set of pseudoeigenvectors. A
drawback of this method is the high number of pseudoeigenvectors for substructure models with a high number
of degrees of freedom at the interface. To overcome this problem a solution is provided to reduce the number of
pseudoeigenvectors. The aforementioned recovery methods will be compared with regards to the obtained accuracy,
specifically for substructure models with applied loads at the internal degrees of freedom (internal loads). For this
purpose, the modal truncation augmentation method is further refined by using additional pseudoeigenvectors
associated with the internal loads. It is shown that the accuracy obtained with the modal truncation augmentation
method is superior to the other recovery methods, whereas the recovery equations remain as simple as possible.

Nomenclature
B = reduced number of pseudoeigenvectors associated

with interface excitation
dy = y displacement
dz = z displacement
F = matrix of internal load vectors
F = excitation force vector, internal load vector
G = flexibility matrix
I = total number of internal degrees of freedom (DOF)
J = total number of interface DOF
K = stiffness matrix, number of static internal load vectors
M = mass matrix
N = total number of pseudoeigenvectors, J + K
P = matrix of total internal load vectors, total number of

retained normal modes
P = total internal load vectors
q = generalized displacement vector
R = connection force vector
x = displacement vector
y, z = displacement coordinates
α = time function vector
β = generalized damping matrix
γ = pseudoeigenvectors
�σ = difference in stress
δ = eigenfrequency associated with interface reduction
ε = displacement error
ζ = modal damping factor
� = generalized stiffness matrix
µ = eigenvectors associated with orthogonalization of

truncated static displacement vectors
σ = stress
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φ = constraint modes
ϕ = fixed-interface normal modes
χ = truncated static displacement vectors, free

eigenvectors of Guyan13 reduced interface
� = Craig–Bampton2 transformation matrix

 = forcing function frequency
ω = eigenfrequency of fixed-interface normal mode

or pseudomode

Subscripts

b = free eigenvectors of Guyan13 reduced interface
CB = Craig–Bampton2 model
d = deleted modes
FE = finite element model
i = internal DOF
j = interface DOF
k = internal load vectors
MA = mode acceleration method
MD = mode displacement method
MTA = modal truncation augmentation method
n = pseudoeigenvectors
p = fixed-interface normal modes
t = truncation value

Superscripts

(cor) = correction
T = transpose
−1 = inverse

I. Introduction

T HE fixed-interface dynamic reduction method for finite ele-
ment (FE) models, first proposed by Hurty1 and further refined

by Craig and Bampton2 (CB) to the CB method, is widely employed.
For reduced dynamic models of spacecraft, as used in coupled loads
analyses, the classical mode displacement (MD) and mode acceler-
ation (MA) methods3−6 are usually adopted to recover the responses
inside the spacecraft FE model.7 The MA method adds a static cor-
rection to account for modal truncation. More recently, attention has
been paid to the modal truncation augmentation (MTA) method,8−10

which supplements the CB constraint modes and fixed-interface
normal modes with a set of pseudoeigenvectors. Earlier, MacNeal11

and Rubin12 formed the basic ideas for augmenting the modal ba-
sis with pseudoeigenvectors for free-interface dynamic reduction
methods.
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In this paper the MD method, the MA method, and the MTA
method will be compared. The differences in terms of procedure
will be outlined, as well as the differences in terms of the obtained
accuracy. In all cases, the methods will be specifically worked out
and tested for substructure models with loads at the internal degrees
of freedom (DOF), hereafter called internal loads. Usually the MTA
method is applied to substructures without internal loads.9 In this pa-
per, the usual set of pseudoeigenvectors associated with the interface
excitation is extended with a set of pseudoeigenvectors associated
with the internal loads. To the author’s knowledge, such an approach
has not been proposed before in papers on MTA methods in relation
to component mode synthesis. In addition, a new method will be
proposed to reduce the number of pseudoeigenvectors when adopt-
ing the MTA method to substructure models with a high number of
DOF at the interface. Instead of rigid-body modes associated with
the interface DOF,9 the free-interface modes of the Guyan13 reduced
component model will be used. The effects on the obtained accuracy,
of the new aspects introduced in the MTA method, will be analyzed.
Because the emphasis in this paper is on the accuracy of the various
recovery methods, output transformation matrices (OTMs) will only
be derived for the recovery of accelerations and displacements. Re-
lated OTMs can be derived for the recovery of displacement-related
responses, such as element stresses, element forces, and forces due
to multipoint constraints, as shown by Fransen6 for substructures
without internal loads.

The organization of the paper is as follows: First the CB method is
briefly reviewed in Sec. II. In Sec. III, the MD method is explained,
followed by the MA method in Sec. IV. Next, in Sec. V, the MTA
method is discussed. Section VI is devoted to the damping of the
pseudoeigenvectors. In Sec. VII, a method is discussed to reduce the
number of pseudoeigenvectors for substructures with a high number
of DOF at the interface. The next sections treat a few example prob-
lems to demonstrate the methods outlined in the earlier sections. In
Sec. VIII a simple beam problem is treated, and in Sec. IX, accu-
racy aspects for equal cost of computation are dealt with. In Sec.
X, the methods are applied to a transient coupled dynamic analysis
that simulates a launcher–spacecraft liftoff flight event. Finally, in
Sec. XI, conclusions are drawn.

II. CB Reduction
Consider a substructure having J interface DOF and I internal

DOF. The substructure is excited both at the interface DOFs by
the forces F j as well as at the internal DOF by the forces Fi . The
equations of motion for the substructure can be written as follows
in partitioned format:

[
M j j M ji

Mi j Mii

]{
ẍ j

ẍi

}
+

[
K j j K ji

Ki j Kii

]{
x j

xi

}
=

{
F j

Fi

}
+

{
R j

0i

}
(1)

The connecting forces R j cancel out after assembly of the substruc-
tures. Damping has not been considered for reasons of simplicity.
One can reduce the model dynamically by using a set of P fixed-
interface normal modes and J constraint modes to describe the
displacement DOF of the FE model (hereinafter called the physical
displacements or physical solution). The coordinate transformation
procedure according to Craig and Bampton2 is given by{

x j

xi

}
= �

{
x j

qp

}
(2)

where

� =
[

I j j 0 j p

φi j ϕi p

]
(3)

In Eq. (3) φi j are the constraint modes due to unit displacements
of the interface DOF and ϕi p are the fixed-interface normal modes.
The constraint modes, also known from static or Guyan13 reduction,
are calculated from the following static equilibrium equation:

Ki j I j j + Kiiφi j = 0 (4)

or

φi j = −K −1
i i Ki j (5)

The fixed-interface normal modes are calculated from the following
eigenvalue problem: [ − ω2 Mii + Kii

]
ϕi i = 0 (6)

The solution of this eigenvalue problem has I eigenvalues ω2 and a
set of I eigenvectors ϕi i . As such ϕi p is a subset of the total modal
basis of eigenvectors ϕi i . Substitution of Eq. (2) into Eq. (1) and
premultiplication of Eq. (1) with the transpose of the transformation
matrix � gives the following reduced set of equations of motion:[

M̄ j j M jp

Mpj m pp

]{
ẍ j

q̈p

}
+

[
K̄ j j 0 j p

0pj �pp

]{
x j

qp

}

=
{

F j + φT
i j Fi

ϕT
ipFi

}
+

{
R j

0p

}
(7)

Solving this set of equations gives the generalized solution in terms
of interface DOF and modal DOF. Substitution of the CB solution
into Eq. (2) yields the physical solution according to the MD method.
Because (I –P) modes have been truncated, such a recovered solu-
tion is an approximation of the true solution. However, a contribution
of the truncated high-frequency modes is partially accounted for by
the constraint modes, which are based on the full stiffness matrix.
Hence, the error in the internal displacements xi = φi j x j + ϕi pqp

is introduced in the dynamic part and not in the static part of the
solution.

For the mass matrix partitions in Eq. (7), the following relations
hold:

M̄ j j = M j j + M jiφi j + φT
i j Mi j + φT

i j Miiφi j (8)

M jp = M jiϕi p + φT
i j Miiϕi p (9)

When mass normalized modes are assumed,

m pp = ϕT
ip Miiϕi p = Ipp (10)

For the stiffness matrix partitions in Eq. (7), the following relations
can be derived:

K̄ j j = K j j + K jiφi j (11)

Again when mass normalized modes are assumed,

�pp = ϕT
ip Kiiϕi p = diag

(
ω2

p

)
(12)

III. MD Method
The recovery of physical displacements according to the MD

method is simply accomplished by Eq. (2), which can also be written
as {

x j

xi

}
= DTM

{
x j

qp

}
(13)

where the displacement transformation matrix (DTM) is given by

DTM = � (14)

In this way, the generalized displacement solution will be expanded
to the physical displacement solution. The recovery of physical ac-
celerations is accomplished in a similar way:{

ẍ j

ẍi

}
= ATM

{
ẍ j

q̈p

}
(15)

where the acceleration transformation matrix (ATM) is given by

ATM = � (16)

Usually, the DTM and ATM matrices are row partitions of the com-
plete CB transformation matrix �, corresponding to a set of selected
recovery DOF.
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IV. MA Method
In the preceding section the OTMs were derived for the recovery

of physical displacements and accelerations according to the MD
method. Application of the MA method introduces a static correction
to the MD method solution, which improves the accuracy. The static
correction accounts for the truncated high-frequency modes and
will be added during the recovery process, after the completion of
the coupled analysis. To derive the OTMs on the basis of the MA
method, the physical equations of motion (1) are taken as the starting
point. Those equations can be split into two row partitions. The first
row partition is given by

[M j j M ji ]

{
ẍ j

ẍi

}
+ [K j j K ji ]

{
x j

xi

}
= F j + R j (17)

From the second row partition the internal displacements xi can be
solved:

xi = [−K −1
i i Mi j −K −1

i i Mii

]{
ẍ j

ẍi

}
−K −1

i i Ki j x j + K −1
i i Fi (18)

Equation (18) can be rewritten as follows when the interface DOFs
are included in the displacement recovery vector:{

x j

xi

}
=

[
0 j j 0 j i

−K −1
i i Mi j −K −1

i i Mii

]{
ẍ j

ẍi

}

+
[

I j j

−K −1
i i Ki j

]
x j +

[
0 j i

K −1
i i

]
Fi (19)

Equation (19) expresses the physical displacements as a function
of the physical accelerations, interface displacements, and internal
forces. This equation will now be used to derive the OTMs needed
for the recovery of displacements according to the MA method.
Substitution of the second derivative of Eq. (2) into Eq. (19) yields{

x j

xi

}
= DTM1

{
ẍ j

q̈p

}
+ DTM2x j + DTM3Fi (20)

where

DTM1 =
[

0 j j 0 j p

−K −1
i i (Mi j + Miiφi j ) −K −1

i i Miiϕi p

]
(21)

DTM2 =
[

I j j

φi j

]
(22)

DTM3 =
[

0 j i

K −1
i i

]
(23)

To avoid the expensive computation of K −1
i i in DTM3, note that the

applied loads Fi can be written as the sum of a set of K spatial
load distribution vectors (K � I ) times their corresponding time
functions:

Fi =
K∑

k = 1

(F̃i )kαk(t) = F̃ikαk (24)

Each spatial load distribution vector (F̃i )k in Eq. (24) represents
a set of correlated loads applied to the internal DOFs. Such load
vectors could be point forces, gravity forces, or pressure forces.
Now Eq. (20) can be written as{

x j

xi

}
= DTM1

{
ẍ j

q̈p

}
+ DTM2x j + DTM∗

3αk (25)

where

DTM∗
3 =

[
0 jk

K −1
i i F̃ik

]
(26)

The utilization of the MD method recovery procedure is much more
user friendly than the MA method recovery procedure, as can be
seen by comparison of the number of multiplications executed in
Eq. (13) and Eq. (25). However, the MD method is less accurate. A
better recovery procedure, more accurate than the MA method and
with the simplicity of the MD method, is the MTA method to be
discussed in Sec. V.

One could propose to avoid the problem of internal loads by
including the internal DOF associated with internal loads in the in-
terface set. However, for problems with a large number of loaded
internal DOF, such as for gravity and pressure forces, the number of
interface DOF would become too large. In addition it would dete-
riorate the representativeness of the fixed-interface normal modes,
which would be driven toward higher frequencies because the sub-
structure clamped at such an interface becomes highly constrained.

After some elaboration (Appendix), the following equation can be
derived from the aforementioned equations, giving the relationship
between the physical internal displacements recovered by the MA
method and those recovered by the MD method:

xi MA = xi MD + Gd

{
Fi − [

Mi j − Mii K −1
i i Ki j

]
ẍ j

}
(27)

where the residual flexibility matrix of the truncated modes Gd is
given by

Gd = ϕid�
−1
dd ϕT

id = K −1
i i

[
Iii − Miiϕi pϕ

T
ip

]
(28)

The mode set ϕid is the truncated mode set. When Eq. (27) is consid-
ered, it can be seen that the MA method corrects the MD method for
mode truncation by the addition of a static displacement correction.
The internal forces shown in the correction term are composed of
the applied internal loads and the inertia forces at the internal DOF
due to interface excitation.

V. MTA Method
In this section, a brief explanation is given of the MTA

method.8−10 As explained in Sec. IV, the MA method corrects for the
effects of mode truncation only at the stage of recovery. The MTA
method, however, corrects beforehand by augmenting the modal ba-
sis used in the CB transformation matrix with an additional set of
N pseudoeigenvectors:

� =
[

I j j 0 j p 0 jn

φi j ϕi p γin

]
(29)

To define a set of N pseudoeigenvectors, which will be independent
of the existing set of retained modes, we will consider the MA
method static displacement correction as presented in Eq. (27):

x(cor)
i = Gd Pi (30)

where

Pi = Fi − [
Mi j − Mii K −1

i i Ki j

]
ẍ j (31)

When substituting Eq. (24) for the applied internal loads Fi , we can
write

Pi = [
F̃ik

... −Mi j +Mii K −1
i i Ki j

]{αk

ẍ j

}
(32)

For unitary interface accelerations and unitary time functions, a set
of N = K + J spatial load distribution vectors is obtained:

Pin = [
F̃ik

... Mi j − Mii K −1
i i Ki j

]
(33)

Substitution of the load vectors Pin into Eq. (30) yields a set of N
truncated displacement vectors:

χin = Gd Pin = Gd

[
F̃ik

... Mi j − Mii K −1
i i Ki j

]
(34)
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In the study performed by Dickens and Stroeve,9 the spacecraft
substructure was excited at its interface only, whereas in this pa-
per we consider substructures with both interface excitation and
excitation at the internal DOF. For this reason, the J load vec-
tors, associated with the interface excitation, are supplemented
with K load vectors associated with excitation at the internal DOF
(J + K = N ). The static response Gd F̃ik can be associated with
residual attachment modes for free-interface methods. However, in
this paper the interface is constrained, and the forces are applied to
the internal DOF rather than to the interface. The static response
Gd [Mi j − Mii K −1

i i Ki j ] can be associated with residual inertia relief
modes, if the interface would be rigid or statically determinate. For
the general case of a statically indeterminate flexible interface, the
term Gd [Mi j − Mii K −1

i i Ki j ] forms a special class of static modes
associated with the internal inertia loads due to unit accelerations
of each interface DOF while keeping all other interface DOF con-
strained. In that case, there is no direct relationship with the classical
residual inertia relief modes known for free-interface systems.5,14

The truncated displacement vectors in Eq. (34) are finally or-
thogonalized with respect to Kii and Mii by the following reduced
eigenvalue problem:

Mnn = χ T
in Miiχin (35)

Knn = χ T
in Kiiχin (36)

[−ω2 Mnn + Knn

]
µnn = 0 (37)

where mass normalization is enforced:

µT
nn Mnnµnn = Inn (38)

Then the mass normalized pseudoeigenvectors can be defined as

γ in = χinµnn (39)

Note that

γT
in Miiγin = µT

nnχ
T
in Miiχinµnn = mnn = Inn (40)

γT
in Kiiγin = µT

nnχ
T
in Kiiχinµnn = �nn = diag

(
ω2

n

)
(41)

where ωn are the pseudoeigenfrequencies associated to the pseu-
doeigenvectors γ in . The pseudoeigenvectors can be regarded as
high-frequency (ωn > ωp) fixed-interface correction modes. The
mass normalized pseudoeigenvectors γ in according to Eq. (40) are
now consistent with the mass normalized modes ϕi p; refer to Eq. (6).
In addition, note that the pseudoeigenvectors are orthogonal to the
retained modes ϕi p with respect to Kii and Mii because they are
related to the deleted modes ϕid ; refer to Eqs. (28) and (34). The
augmented CB transformation matrix, as given by Eq. (29), can
now be adopted to generate the equations of motion for the reduced
dynamic substructure model in the same fashion as explained in
Sec. II:
M̄ j j M jp M jn

Mpj m pp 0pn

Mnj 0np mnn







ẍ j

q̈p

q̈n


 +


K̄ j j 0 j p 0 jn

0pj �pp 0pn

0nj 0np �nn







x j

qp

qn




=




F j + φT
i j Fi

ϕT
ipFi

γT
inFi


 +




R j

0p

0n


 (42)

Equation (42) shows that the correction modes form a natural ex-
tension of the retained normal modes. They are tuned to the internal
excitation forces, that is, to the internal loads and inertia loads.
Besides a quasistatic correction for low-frequency excitation, they
also provide a dynamic correction for the high-frequency excitation.
The frequency range �nn of the correction modes, which extends
the frequency range of the retained normal modes, indicates up to
which frequency a dynamic correction is provided. Evidently the
correction modes can only be excited if the frequency content of the

forcing function partially or completely overlaps with the frequency
range of the correction modes.

The recovery of physical responses is now simply accomplished
by the employment of the MD method as outlined in Sec. III. This
implies that the amount of work associated with the recovery of
displacements and displacement-related data is reduced compared
to the MA method. For reduced substructure models with internal
loads, only one OTM is needed for the recovery of displacements
instead of three, as can be deduced by comparison of Eq. (13) and
Eq. (25), respectively. This means that with the MTA method a
simple and accurate recovery procedure is available. To compute
the pseudoeigenvectors, additional computational effort is required,
although the effort is small because the computation of the truncated
static displacement vectors and the subsequent solving of a reduced
N by N eigenvalue problem does not demand a lot of CPU time.

VI. Damping of the MTA Pseudoeigenvectors
In the preceding sections, a discussion on the damping has been

omitted because modal damping is usually assigned after having
generated the CB-model mass and stiffness matrices. In that case, a
diagonal modal damping matrix can be defined, assuming the damp-
ing of the interface partition can be neglected. For a CB model where
the modal basis has been augmented with N pseudoeigenvectors,
the equation of motion of the substructure then takes the following
form:
M̄ j j M jp M jn

Mpj m pp 0pn

Mnj 0np mnn







ẍ j

q̈p

q̈n


 +


K̄ j j 0 j p 0 jn

0pj �pp 0pn

0nj 0np �nn







x j

qp

qn




+


0 j j 0 j p 0 jn

0pj βpp 0pn

0nj 0np βnn







ẋ j

q̇p

q̇n


 =




F j + φT
i j Fi

ϕT
ipFi

γ T
in Fi


 +




R j

0p

0n




(43)

where for mass normalized modes,

βpp = diag(2m pωpζp) = diag(2ωpζp) (44)

βnn = diag(2mnωnζn) = diag(2ωnζn) (45)

As discussed in Sec. V, the pseudoeigenvectors extend the frequency
range of the normal modes into a higher frequency range. Hence,
it can be seen that the damping levels in the frequency range of
the pseudoeigenvectors should be similar to the damping levels that
normally would be applied if those modes were normal modes in that
frequency range. However, if the substructure model is too course
to represent the higher modes adequately, one should consider the
application of higher damping levels for the corresponding MTA
modes. As already mentioned, the correction modes can only be
excited if the frequency content of the forcing function partially
or completely overlaps with the frequency range of the correction
modes.

VII. Reducing the Number of MTA
Pseudoeigenvectors

For substructures with numerous interface DOF (J DOF), it
would be advantageous to reduce the number of pseudoeigenvec-
tors, which equates to N = J + K . For this purpose, an interface
reduction method could be adopted. In this respect rigid interface
reduction has been used by Dickens and Stroeve,9 and flexible in-
terface reduction has been proposed by Rixen.15 In this paper, the
flexible interface reduction method will be utilized for each sub-
structure separately rather than for the whole CB system as proposed
by Rixen.15 In this way, the need for information from neighboring
substructures is avoided. The interface reduction method in the true
sense, that is, to reduce the number of interface DOF of a CB model,
has been proposed and demonstrated by Craig and Chang16 and has
been employed by Tan et al.17 and Castanier et al.18



2134 FRANSEN

The interface reduction method can be used to reduce the number
of pseudoeigenvectors by changing Eq. (34) as follows:

χin = Gd

[
F̃ik

...
[

Mi j − Mii K −1
i i Ki j

]
χ jb

]
(46)

where the interface normal modes χ jb are calculated from the
reduced eigenvalue problem defined by the Guyan reduced in-
terface partition of the CB mass and stiffness matrix (modal
DOF constrained): [−δ2 M̄ j j + K̄ j j

]
χ j j = 0 (47)

From Eq. (47), J positive roots can be found and J associated eigen-
vectors. To reduce the interface, we will use only B eigenvectors,
where B < J . If there are any rigid-body interface modes (such as
for free-launcher substructures), these should always be included in
the set of B modes to obtain at least the complete static correction
in all rigid-body mode directions. In case of six rigid-body modes,
and in case B = 6, the concept is related to residual inertia relief
modes with a rigid interface. The addition of free-interface flexible
modes to the rigid-body modes will include the effect of the interface
flexibility in the residual static response (46) and finally in the pseu-
doeigenvectors (39). In the beam model example of Sec. VII, the
difference in the obtained accuracy with flexible-interface reduction
as compared to rigid-interface reduction will be demonstrated.

It is the author’s experience that at least those free-interface modes
should be retained with eigenfrequencies up to the truncation fre-
quency of the CB-model:

δt ≥ ωt (48)

In this way the CB/MTA reduction procedure does not require
any additional control parameters because the same upper eigen-
frequency bound can be used for both of the eigenvalue problems
given by Eqs. (6) and (47).

The truncation frequency ωt should at least be equal to two times
the highest frequency 
t observed in the forcing functions used to
excite the structure. This is generally taken as the rule of thumb
for CB models based on fixed-interface modes. However, for CB
models enriched with pseudoeigenvectors, a value between 1.0 and
2.0 times 
t might be sufficient because the apparent truncation
frequency, that is, the highest MTA mode frequency, is much higher
than the original truncation frequency of the CB model. This would
be an interesting point for further research, but has not been explored
in this paper.

VIII. Beam Model
The beam test model is shown in Fig. 1. The model is consti-

tuted of simple beam element connections (CBAR19) with axial
stiffness, shear stiffness, and bending stiffness. The outer two el-
ements, between nodes 300–301 and 400–401, are considered as
residual physical structure. The part of the model between nodes
100 and 110 will be subject to CB reduction. The CB model will be
connected to the residual structure by means of its interface nodes
100 and 110. Interface node 100 is connected to node 301 and in-
terface node 110 to node 401. In the frequency response analysis,
nodes 300 and 400 of the residual structure will be fully constrained.
The sinusoidal loads, classified as either internal or interface loads,
are indicated in Fig. 1. The modal frequency response analysis is
performed in the frequency range of 0.1–10 Hz with a frequency
step of 0.1 Hz, retaining all system (CB model plus residual struc-
ture) modes. The modal damping in the analysis is set to 1% for all
system modes. Note that the damping has not been assigned to the

Fig. 1 Beam FE model.

CB model and the residual structure separately because a modal fre-
quency response analysis method was chosen. Hence, the approach
is different compared to what has been proposed in Sec. VI, where
a direct solution method is assumed for the assembled system.

The modal content of the CB model is intentionally kept small.
When employing the MD and MA method, only the first two
clamped bending modes are retained, which corresponds to a trun-
cation frequency ωt = 2.0 Hz. When using the MTA method, 13
additional pseudoeigenvectors can be computed from Eq. (37),
N = K + J = 1 + 12 = 13. In that case, 13 pseudomodes could be
added to the retained basis of two normal modes. The eigenfrequen-
cies of the normal modes (normal/ϕi p) and pseudomodes (MTA/γin)
are given in Table 1. One can clearly distinguish between bending
modes (same eigenfrequency for in-plane and out-of-plane bending)
and axial modes.

In Fig. 2, the displacement response of node 105 in z direction
is plotted for the MD, MA, and MTA methods. In addition, the re-
sponse of node 105 for the FE system (all modes retained) is plotted
for comparison. As already mentioned, the MD and MA method
response are plotted for a modal basis of two normal modes. Visu-
ally the MTA method response coincides with FE-model response.
For the MTA method, the response curve is plotted for which all 13
pseudoeigenvectors are employed. (In Fig. 2, MTA/2/1/12 denotes
MTA method/2 normal modes/1 MTA vector due to applied internal
load/12 MTA vectors due to inertia loads from interface excitation.)
Figure 2 shows that both the MD and MA method are not suited for
response prediction above the cutoff frequency, whereas the MTA
method clearly is. Up to 2 Hz, all methods perform quite reasonably.
A more appropriate look at the methods’ accuracy is shown in Fig. 3.
Here the error is plotted with respect to the FE-model response. The
error is defined as follows:

ε = |dzCB − dzFE|
|dzFE| (49)

Again we note much better accuracy for the MTA method over the
entire frequency range. In addition, we see that the MD method
performs badly toward 0 Hz (static case) because mode truncation
causes an error in the displacement enforced by the static inter-
nal load. The static correction of the MA recovery method or the
introduction of additional pseudoeigenvectors avoids such a static
error. In terms of accuracy, the MTA method clearly outperforms
the other two methods. Figure 3 also shows response curves for

Table 1 Eigenfrequencies of fixed-interface normal
modes and MTA modes: beam

Mode number Eigenfrequency, Hz Mode type

1 1.6 Normal/ϕi1
2 1.6 Normal/ϕi2
3 4.4 MTA/γi1
4 4.4 MTA/γi2
5 8.6 MTA/γi3
6 8.6 MTA/γi4
7 15.3 MTA/γi5
8 15.3 MTA/γi6
9 15.8 MTA/γi7
10 21.5 MTA/γi8
11 22.9 MTA/γi9
12 31.8 MTA/γi10
13 36.6 MTA/γi11
14 116.2 MTA/γi12
15 233.6 MTA/γi13
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Fig. 2 Z-displacement response, node 105, beam.

Fig. 3 Error z-displacement response, node 105, beam.

which the number of pseudoeigenvectors included in the CB trans-
formation matrix has been reduced according to the method out-
lined in Sec. VII. The response labeled MTA/2/1/8 has approxi-
mately the same quality as the MTA/2/1/12 response. The response
labeled MTA/2/1/6 clearly is less accurate because only the rigid-
body modes were used to reduce the number of MTA vectors (rigid
interface). In addition, the curve labeled MTA/2/0/12 shows the ad-
verse effect of not including the MTA vector associated with the in-
ternal load F̃ik [refer to Eq. (34)]. For the curve labeled MTA/2/1/6,

the eigenfrequencies of the modes and pseudomodes are given in
Table 2.

IX. Space Frame Model
A space frame model was employed to compare the MD, MA,

and MTA methods for equal size of reduced models. Hence, the cost
of computation will be constant throughout the frequency response
analyses conducted in this section. The free-space frame FE model



2136 FRANSEN

Fig. 4 Space frame substructure FE models.

Fig. 5 Y-displacement response, node 32, space frame.

Table 2 Eigenfrequencies of fixed-interface normal
modes and reduced set of MTA modes: beam

Mode number Eigenfrequency, Hz Mode type

1 1.6 Normal/ϕi1
2 1.6 Normal/ϕi2
3 4.5 MTA/γi1
4 4.5 MTA/γi2
5 8.7 MTA/γi3
6 8.9 MTA/γi4
7 15.8 MTA/γi5
8 21.9 MTA/γi6
9 116.2 MTA/γi7

was subdivided into five substructures as shown in Fig. 4. The outer
substructures were reduced, and the center substructure was used as
residual structure. Unit sinusoidal loads will be applied in-phase to
substructures 2 and 4 as indicated in Fig. 4. The modal frequency
response analysis is performed in the frequency range of 0.1–2.0 Hz
with a frequency step of 0.01 Hz, retaining all system (CB models
plus residual structure) modes. The modal damping in the analysis
is set to 1% for all system modes. Similar to the beam example
in Sec. VIII, the damping has not been assigned to the CB models
and the residual structure separately because a modal frequency
response analysis method was chosen.

A total of 36 modes were used for each substructure, constitut-
ing 12 static constraint modes and 24 additional modes. The set
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Fig. 6 Error y-displacement response, node 32, space frame.

of 24 modes comprises fixed-interface normal modes and pseudo-
modes (the latter for MTA method only). Accordingly, the sub-
structure models, containing 120 DOF, were reduced by 70%. For
the MD and MA method CB models, the 24 fixed-interface normal
modes correspond to a truncation frequency ωt = 5.4 Hz. For the
MTA method CB models, 16 fixed-interface normal modes were
retained, which corresponds to a truncation frequency ωt = 4.8 Hz.
When the interface reduction technique as outlined in Sec. VII was
used, the number of MTA modes was reduced from J + K = 12 + 1
to B + K = 7 + 1. The range of the MTA correction modes is 6.1–
11.8 Hz. The y-displacement response of internal node 32 of sub-
structure 4 (Fig. 4) was computed for the various methods. The
y-displacement response of node 32 for the FE model (no trunca-
tion) is shown in Fig. 5. To compare the methods, the error for the
y-displacement response is plotted in Fig. 6. The error is defined as
follows, with reference, to Eq. (49):

ε = |dyCB − dyFE|
|dyFE| (50)

Obviously the MA method outperforms the MD method. The MTA
method, which is based on fewer fixed-interface normal modes than
the MD and MA methods (16 vs 24), is more accurate in the major
part of the frequency range. Hence, we can conclude that, for equal
analysis cost, the MTA method outperforms the MA method in the
major part of the frequency range. At the main system mode at 0.27
Hz, the errors for the MD, MA, and MTA methods amount to 2,
0.1, and 0.002%, respectively. In other words, the error at the main
mode for the MA method and MTA method is respectively 20 times
and 1000 times smaller than the MD method error.

X. Ariane-5 Dynamic Mathematical Model
The Ariane-5 dynamic mathematical model, subdivided into its

substructures, is shown in Fig. 7. The four substructures are the two
strap-on boosters (EAP− and EAP+), the cryogenic main stage
(EPC), and the upper composite. At ESA, the Ariane-5 model is
used internally for the computation of initial loads, in support of
the definition of payload structures during project feasibility stud-
ies. In this section, the Ariane-5 model will be used to compute Fig. 7 Ariane-5 substructure FE models.
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Fig. 8 Integral payload FE model (courtesy of Alenia Aerospazio).

a liftoff flight event. Usually the liftoff flight events start from
a static condition whereby the launch vehicle sits on the launch
pad. In that case, Earth gravity is explicitly needed for the simu-
lation. Here, for reasons of simplicity, the liftoff flight event starts
from a quasi-static equilibrium condition, where the free launcher
has an initial acceleration that corresponds to the loads applied to
the free system. Those loads are thrust forces, gravity, and lat-
eral acoustic blastwave loads, similar to the loads defined when
starting from the launch pad. As a consequence, the payload and
launcher models are subject to internal loads during the liftoff flight
event.

The payload FE model, that is, the Integral Satellite,20 is shown in
Fig. 8 and will be coupled to the payload interface under the fairing
of the upper composite (Fig. 7). The payload model is reduced from
approximately 120,000 DOF to 327 generalized DOF, comprising
216 interface DOF (J = 216), 6 generalized DOF associated with the
rigid-body modes, 94 modal DOF (P = 94), and 11 MTA residual
modal DOF (N = 11). The six DOF associated with the rigid-body
modes are used to split absolute motion into rigid motion and flexible
motion.1,21 Because the payload FE model has a 36-node interface
(216 DOF) to the Ariane-5 adapter, as shown in Fig. 9, the interface
reduction method as outlined in Sec. VII was used to reduce the num-
ber of MTA pseudoeigenvectors associated with interface excitation
from J = 216 to B = 10. In this procedure, the truncation frequency
δt was chosen equal toωt , that is, δt = ωt = 100 Hz [refer to Eq. (48)].
The 11th MTA vector is related to the gravity load F̃ik in Eq. (46),
where K = 1. The total number of DOF for the complete Ariane-
5/Integral CB system is approximately 800 DOF. The additional
MTA pseudoeigenvectors, therefore, only imply an increase of 1.4%
on the CB-system size. Note that the Ariane-5 substructures were re-
duced to classical CB substructures without the employment of MTA
pseudoeigenvectors.

Fig. 9 Payload interface, 36 nodes.

The transient analysis is computed in a direct way, that is, the
Newmark time integration scheme is applied directly to the equa-
tions of motion without a modal decomposition in advance. The
integration time step equates to 0.0002 s, and the time duration
is 1.5 s. The output time step equates to 0.001 s, which yields a
250-Hz resolution (four time points needed per sine). The damp-
ing has been specified per substructure separately. For the payload
model, a modal damping of 1% has been specified for all payload
modes, including the MTA correction modes in the 100–306 Hz fre-
quency range. The damping level of the MTA modes is set equal to
the damping level that would have been assigned in this frequency
range to the normal modes, if they would have been retained. This is
in line with the damping strategy outlined in Sec. VI and is justified
because the model has a rather fine mesh, which can adequately
capture the high-frequency MTA pseudoeigenvectors.

The MD, MA, and MTA methods will now be employed to re-
cover a stress inside the payload FE model. The equation for stress
recovery according to the MD and MTA method is similar to Eq. (13)
for displacement recovery because stress is a function of strain. For
the MA method, the stress recovery equation is similar to Eq. (25).
The objective is to quantify the difference between the MD response
on the one hand and the MA and MTA responses on the other hand.
The MD method is used to compute the reference solution. From
the solution obtained with the MA and MTA methods, a quantifiable
correction relative to the MD method can then be computed, if the
number of fixed-interface normal modes for the payload substruc-
ture is kept constant. Note that a comparison of the MD, MA, and
MTA responses with the FE-system response has not been attempted
because of cost reasons.

The result for the axial stress in a bar element inside the payload
FE model has been plotted in Figs. 10 and 11 for the MD/MA and
the MD/MTA methods, respectively. The response curves for the
MA and MTA methods are quite similar, especially for t > 0.8 s.
For additional clarity, the differences |σMA − σMD| and |σMTA − σMD|
have been plotted in Figs. 12 and 13, respectively. This difference
can be regarded as the correction of the MA and MTA methods
with respect to the MD method solution. The MA and MTA method
stress corrections differ significantly for t ≤ 0.8. In this part of the
liftoff flight event, the loads are highly dynamic due to booster thrust
variations and lateral acoustic blastwave excitation (high-frequency
loads).

At t = 0.35 s, the correction of the MA and MTA methods
amounts to 21.8 and 25.4%, respectively, of the MD method
stress value (0.55 MPa). The highly dynamic loads require a dy-
namic correction as provided by the additional high-frequency MTA
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Fig. 10 Axial stress in bar element inside payload, MA vs MD.

Fig. 11 Axial stress in bar element inside payload, MTA vs MD.

pseudoeigenmodes. For the last part of the analysis, the difference
in correction diminishes because the high-frequency loads change
into low-frequency loads. The total correction at the peak value
(t = 1.2 s) for both methods is on the order of 14%. Obviously
the difference between the MA and MTA methods will increase
when a lower truncation frequency is chosen, as demonstrated in
the example problems of Secs. VIII and IX. Still it can be seen from
Figs. 12 and 13 that the MTA method correction contains more

high-frequency dynamics because additional high-frequency pseu-
domodes have been included. The highest frequency observed in
the MTA stress correction is about 100 Hz. Because the MTA pseu-
doeigenvectors are well represented by the payload model, and their
1% modal damping is thus justified, we can conclude that the MA
method fails to model the high-frequency dynamics around 100 Hz.
For high-frequency excitation, the MTA method is, therefore, more
accurate.
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Fig. 12 MA stress correction relation relatives to MD method.

Fig. 13 MTA stress correction relation to MD method.

The frequency range of the correction modes is between 100
and 306 Hz. Hence, the apparent truncation frequency is about 306
Hz instead of 100 Hz, the actual truncation frequency of the CB
model. Because the MTA method extends the validity of the model
beyond the actual truncation frequency, as observed clearly in the
beam example of Sec. VIII, one could decrease the actual truncation
frequency, such that the apparent truncation frequency matches at
least twice the highest frequency observed in the forcing function.

Such strategies, which would make the MTA CB models very effi-
cient, have not been explored in this paper but would certainly be
worthwhile to investigate.

The MTA method, as outlined in this paper, could obviously also
be used to recover the stresses in the Ariane-5 substructures. In that
case, the internal loads would be composed of static gravity forces
and possibly dynamic thrust forces and pressure forces, depending
on the substructure considered.
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XI. Conclusions
The MD, MA, and MTA methods have been employed for re-

duced dynamic substructure models with loads at the internal DOF
of the corresponding FE model. For the MTA method, this led to an
additional set of MTA pseudoeigenvectors, which are related to a set
of spatial load distribution vectors, each containing correlated inter-
nal loads. In the classical MTA approach, the pseudoeigenvectors
are related to interface excitation only. To make the MTA method
more cost efficient for substructures with a high number of DOF
at the interface, a method has been proposed to reduce the num-
ber of MTA pseudoeigenvectors using a flexible-interface reduction
method.

By means of a simple beam example problem, it was demonstrated
that the MTA method outperforms the conventional MD and MA
methods in terms of accuracy, both in the frequency range of interest
as well as beyond the truncation frequency. It was found that the
additional set of MTA pseudoeigenvectors related to the internal
loads improves the accuracy. When a more complex model of a
space frame was used, it was also verified that for equal cost of
computation (same number of modes) the MTA method performs
best. Also in the latter example, loads were defined at the internal
DOF of the substructures.

Finally, the MTA method was tested on large-scale payload model
in an Ariane-5 coupled dynamic transient liftoff analysis. Gravity
loads were applied to all internal DOF of the payload FE model. The
correction relative to the MD method was found to be in the order of
25.4% when high-frequency booster thrust variations and blastwave
loads excite the launcher. For the MA method, the correction was
21.8% at the same point in time. In the last part of the liftoff analysis
(low-frequency loads), no significant difference between the MA
and MTA method was obtained, in accord with expectations. Hence,
it can be concluded that only in case of high-frequency excitation
significant differences are found where the MTA method will be
most accurate.

As concerns the recovery procedure, the MTA method is similar
to the MD method. This implies that the amount of work associ-
ated with the recovery of displacements and displacement-related
data is reduced as compared to the MA method. For reduced sub-
structure models with internal loads, only one OTM is needed for
the recovery of displacements instead of three. This means that
with the MTA method a simple and accurate recovery procedure is
available.

For CB models enriched with pseudoeigenvectors, the apparent
truncation frequency is higher than the original truncation frequency.
Therefore, it would be interesting to verify whether the actual trun-
cation frequency can be decreased to reduce the number of retained
modes and, hence, the dimension of the CB model.

Appendix: MA Method Static Correction
The eigenvalue problem, defined by Eq. (6), can also be written

as follows when considering the full modal basis:

Miiϕi i�i i − Kiiϕi i = 0 (A1)

Equation (A1) can also be written as

Miiϕi iϕ
T
ii = Kiiϕi i�

−1
i i ϕT

ii (A2)

For mass-normalized modes, it follows that

G = K −1
i i = ϕi i�

−1
i i ϕT

ii (A3)

The total modal basis can be divided into kept modes ϕi p and deleted
modes ϕid :

ϕi i = [ϕi p ϕid ] (A4)

Then Eq. (A3) can be written as

G = G p + Gd = ϕi p�
−1
pp ϕT

ip + ϕid�
−1
dd ϕT

id (A5)

Hence, we find for the residual flexibility matrix

Gd = K −1
i i − ϕi p�

−1
pp ϕT

ip = K −1
i i

[
I − Miiϕi pϕ

T
ip

]
(A6)

Equation (A6) is equal to Eq. (28) in Sec. IV. When Eqs. (3), (13),
and (14) are used, the internal displacements according to the MD
method can be written as

xi MD = φi j x j + ϕi pqp (A7)

Consequently, the internal accelerations (MD and MA method) are
given by

ẍi = φi j ẍ j + ϕi p q̈p (A8)

From the second row partition of Eq. (7), the modal accelerations
q̈p can be found:

q̈p = ϕT
ipFi − ϕT

ip(Mi j + Miiφi j )ẍ j − �ppqp (A9)

Substitution of Eq. (A9) into Eq. (A8) gives

ẍi = φi j ẍ j +ϕi pϕ
T
ipFi −ϕi pϕ

T
ip(Mi j +Miiφi j )ẍ j −ϕi p�ppqp (A10)

From here it can be easily verified that substitution of Eq. (A10)
into Eq. (18) of Sec. IV, as well as the subsequent use of Eqs. (A6)
and (A7), leads to Eq. (27) in Sec. IV:

xi MA = xi MD + Gd

{
Fi − [

Mi j − Mii K −1
i i Ki j

]
ẍ j

}
(A11)
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